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Coherent structures in a self-similar adverse pressure gradient turbulent boundary layer
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Abstract

The turbulence statistics and structures of a self-similar ad-

verse pressure gradient turbulent boundary layer (APG-TBL)

at the verge of separation are investigated using a direct nu-

merical simulation (DNS). The desired self-similar APG-TBL

is achieved by a modification of the far-field velocity boundary

condition. The required wall-normal velocity in the far-field to

produce the necessary adverse pressure gradient was estimated

based on the analytical free-stream streamwise velocity distri-

bution for a flow at the point of separation, and the assump-

tion that the streamlines of the outer flow follow the growth of

the boundary layer thickness. The APG-TBL develops over a

momentum thickness based Reynolds number upto 12000, and

achieves a self-similar region of constant friction coefficient,

pressure velocity and shape factor. Turbulence statistics in this

region show self-similar collapse when scaled by the external

velocity and the displacement thickness. In this study, the co-

herent structures of a self-similar APG-TBL are investigated by

using topological methodology and visualisation techniques.

Introduction

The turbulent boundary layer (TBL) subjected to strong adverse

pressure gradient (APG) is frequently found to be challenging

to predict particularly flow separation, with turbulence models

performing poorly. In APG-TBL, many aspects of turbulent

structures and the scaling of turbulence statistics remain unre-

solved. The canonical APG-TBL at the verge of separation is

self-similar, in the sense that each of the term in the governing

equations has the same proportionality with streamwise posi-

tion [16, 15, 9]. After introducing numerical methods briefly,

the coherent structures are investigated by using topological

methodology [2, 13, 14] and three-dimensional flow visualisa-

tion.

Numerical methodology

The boundary layer is simulated in a three-dimensional rect-

angular domain over a no-slip smooth wall. The axes in the

streamwise, wall-normal and spanwise directions are x, y and z.

The corresponding velocity fluctuation with respect to the time-

averaged mean (U , V , W ) are (u, v, w). The spanwise bound-

ary condition is periodic, and the Fourier expansion with 2/3

dealiasing is applied. Compact finite differences in staggered

grids are used in x and y [7]. The direct numerical simulation

(DNS) is performed with a modification of the code of Bor-

rel et al. [1, 12]. We use a modified version of the recycling

method used by Sillero et al. [11], and the desired self-similar

APG-TBL is achieved by a modification of the far-field veloc-

ity boundary condition. The required wall-normal velocity in

the far-field to produce the necessary adverse pressure gradient

was estimated based on the analytical free-stream streamwise

velocity distribution for a flow at the point of separation [9]

Ue(x) ∝ xm with m =−0.23, (1)

and the assumption that the streamlines of the outer flow follow

the growth of the boundary layer thickness. Further details of

this methodology can be found in Kitsios et al. [6].

The reference velocity,

Ue(x)≡UΩ(x,∞), where UΩ(x,y)≡−

∫ ∞

0
Ωz(x,y

′)dy′ (2)

and Ωz is the mean spanwise vorticity. The displacement thick-

ness and momentum thickness are defined by

δ1(x) =
−1

Ue

∫ ∞

0
yΩz(x,y)dy (3)

δ2(x) =
2

U2
e

∫ ∞

0
yUΩΩz(x,y)dy−δ1(x) (4)

The numerical details are summarised in table 1. The reference

displacement thickness is δ1(x
⋆) at the streamwise position x⋆,

at which the Reynolds number is Reδ1
(x⋆) ≡ Ueδ1/ν = 4800,

where ν is the kinematic viscosity. The boundary layer thick-

ness in APG-TBL grows drastically, and it requires a larger Ly

and more grid points in y direction (Ny) than those required for

a zero-pressure-gradient turbulent boundary layer (ZPG-TBL).

By using the above reference velocity and outer scale, Ue and

δ1, the turbulence statistics of the strong APG-TBL collapses

within the domain of interest as shown by red lines in fig-

ure 1. The data of ZPG-TBL at x⋆ and a channel database at

Reτ ≈ 4200 [8], whose displacement thickness is δ1 = 0.094h

from eq. (3), are also shown as a reference by the black and

blue lines, respectively. It is indicated that velocity fluctuations

in strong APG-TBL, which does not have logarithmic mean-

velocity region, are mainly produced in the outer layer.

Characterisation of adverse pressure gradient turbulent

boundary layer

The driving mechanism of the self-sustaining turbulence in

strong APG-TBL is the local shear, as in the wall-bounded tur-

bulence [5], so that the characteristics of the local mean shear

rate both in APG-TBL and other wall-bounded flows are of

great interest. Figure 2 shows the Corrsin shear parameter [4],

S∗ ≡ (∂U/∂y)q2/ε, where q2
≡ u2 + v2 + w2, as a function

of y/δ1(x) and ε is the turbulent dissipation rate. The nondi-

mensional parameter is S∗ ≈ 7–9 both in homogeneous shear

turbulence [10] and in the logarithmic layer of wall-bounded
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Figure 1: (a) The streamwise velocity fluctuation uu, (b) the

Reynolds stress −uv/U2
e as a function of y/δ1(x): (black) ZPG-

TBL at xDoI; (blue) channel turbulence at Reτ ≈ 4200 [8];

(red) strong APG-TBL at x = x⋆ (dashed), (x⋆+xDoI)/2 (dash-

dotted). The solid lines are at xDoI, at the middle- and end-point

of the domain of interest.

flows [5, 8]. The near-wall peak of APG-TBL decreases as the

layer grows, and the weaker local mean shear close to the wall

would generate fewer turbulence structures. On the other hand,

in the outer region y/δ1 ≈ 1, S∗ is roughly constant value at

y/δ1 ≈ 1, as in the logarithmic layer of ZPG-TBL or channel

turbulence.

The topological methodology is applied at each y/δ1 of APG-

TBL and they are compared with those in ZPG-TBL. Figure 3

and 4 show the joint probability density function of the second

and third invariant of the velocity gradient tensor, which clearly

indicates that the dissipative fine-scale vortices are generated at

y/δ1 ≈ 1 in APG-TBL.

The instantaneous three-dimensional geometry of the self-

similar APG is visualised in figure 5 and 6. The isosurfaces

of intense Reynolds stress seem to be separated from the wall

and that is also the case for the fine-scale vortex clusters rep-

resented by isosurfaces of the second invariant of the velocity

gradient tensor. The two-point streamwise velocity correlation

at y/δ1 = 1 (not shown) is shorter than that in ZPG-TBL and

more inclined with respect to the wall in APG-TBL.

Conclusions and discussions

The direct numerical simulation of a self-similar APG-TBL at

the verge of separation is performed and the coherent structures

are investigated, using topological methodology and flow vi-

sualisation. The large-scale uv-structures, which are separated

from the wall (so-called detached eddies), are observed in the

self-similar APG-TBL, and it is revealed that most of the energy

production is at around y/δ1 ≈ 1. The streamwise correlation is

much shorter in the streamwise direction than that of ZPG-TBL

(not shown), and more inclined with respect to the wall in APG-

TBL. The spanwise wavelength of the large-scale motion is also
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Figure 2: The same as figure 1, but for the Corrsin shear pa-

rameter [4], S∗ ≡ (∂U/∂y)q2/ε, where q2
≡ u2 + v2 +w2, as a

function of y/δ1(x). The shear parameter is S∗ ≈ 7–9 both in

homogeneous shear turbulence [10] and in the logarithmic layer

of wall-bounded flows [8].

scaled by an outer scale unit (not shown), displacement thick-

ness in this study, λz ≈ δ1. The outer region at y ≈ δ1 is very ac-

tive in APG-TBL. In contrast, such an active dissipative region

is close to the wall, from the buffer layer to logarithmic layer

in ZPG-TBL. The local mean shear contributes to the energy

production and organisation of large-scale motions. The kinetic

energy production and the energy dissipation are balanced al-

most at the same height from the wall, which is illustrated in

the three-dimensional visualisation of figure 6. In strong APG-

TBL, dissipative small-scale structures are associated with the

large-scale structure mainly at around y/δ1 ≈ 1. Since most of

events happens away from wall, the wall restriction on the flow

structures in APG-TBL are much weaker than that in ZPG-TBL

or channels. Further investigations on the coherent structures in

the self-similar APG-TBL, in comparison with the other shear

flows, are on-going.
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Table 1: Numerical details of the ZPG-TBL and self-similar APG-TBL. β represents non-dimensional pressure gradient as proposed

by Clauser [3]. Number of collocation points in the streamwise (Nx) and wall normal (Ny) direction, and the number of Fourier modes

in the spanwise (Nz) direction; the computational domain (Lx, Ly, Lz) relative to the displacement thickness (δ1) at the position x⋆,

where Reδ1 = 4800; the upstream position of the domain of interest (DoI), xDoI; the streamwise length of DoI, LDoI. The variation of

δ1, shape factor H and Reδ1 in DoI are also shown.

ZPG(β = 0) APG (β = 39)

(Nx,Ny,Nz) 8193 315 1362 8193 1000 1362

(Lx,Ly,Lz)/δ1(x
⋆) 480 22.7 80.1 297 72.0 49.6

xDoI/δ1(x
⋆),LDoI/δ1(x

⋆),LDoI/δ1(xDoI) 0 80.9 80.9 94.9 36.3 6.43

δ1/δ1(x
⋆) range in DoI 1.0 → 1.11 5.63 → 7.57

H(x⋆), H range in DoI 1.37 1.68 2.22 → 2.35

Reδ1(x
⋆), Reδ1 range in DoI 4800 4800 → 5280 4800 22200 → 28800
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Figure 3: Joint probability density function between Q∗ = Q/(Ue/δ1)
2 and R∗ = R/(Ue/δ1)

3 for ZPG-TBL with Reδ1 ≈ 5000 in (left)

buffer layer, y/δ1 ≈ 0.1 (centre) logarithmic layer, y/δ1 ≈ 0.3 (right) outer region y/δ1 ≈ 1.0. The iso-probability contours are 60%,

80%, and 95% of the data. The data is averaged in the domain of interest.
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Figure 4: The same with figure 3, but for self-similar APG-TBL with Reδ1 ≈ 25000 in (left) y/δ1 ≈ 0.1 (center) y/δ1 ≈ 0.3 (right)

outer region, y/δ1 ≈ 1.0. The data is the streamwise average in the domain of interest, assuming the self-similarity.
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Figure 5: The region of intense Reynolds stress (left, red) and the second invariant of the velocity gradient tensor (right, green) in

ZPG-TBL. Only the full domain of interest [LDoI,0.38Ly,Lz/4] = [80.9,8.6,19.9]δ1(x
⋆) is shown. The threshold for the isosurfaces

is −uv/U2
e = 0.006, which is 4 times larger than the peak value in the buffer layer of ZPG-TBL, and Q∗ = Q/(Ue/δ1)

2 = 0.5 (see

figure 3). δ1 grows 11% within the domain of interest as in table 1. The flow is from left to right. The colourmap of isosurfaces is the

distance from the wall, and the white colour represents 6δ1(x).

Figure 6: The region of intense Reynolds stress (left, red) and the second invariant of the velocity gradient tensor (right, green) in the

self-similar APG-TBL. Only a quarter of the domain of interest [LDoI ,0.27Ly,Lz] = [36.3,19.3,50.7]δ1(x
⋆) = [6.4,3.43,8.8]δ1(xDoI)

is shown. The threshold for the isosurfaces is −uv/U2
e = 0.016, which is 4 times larger than the outer peak of APG-TBL, and

Q∗ = Q/(Ue/δ1)
2 = 25 (see figure 4). Note that the free-stream velocity Ue and outer length scale δ1 is a function of the streamwise

position x, and δ1 grows 34% within the DoI. The flow is from left to top-right. The colourmap of isosurfaces is the distance from the

wall, and the white colour represents 3δ1(x).


